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Abstract 

Some years ago we introduced a new topological invariant for fo- 
liated manifolds using techniques from noncommutative geometry, in 
particular the pairing between K-Theory and cyclic cohomology. The 
motivation came from flat principal G-bundles where the base space is 
a non simply connected manifold. The computation of this invariant is 
quite complicated. In this article we try to perform certain computa- 
tions for the Mobius band (or Mobius foliation) which is an interesting 
nontrivial example of foliations; this example has a key feature: it is 
the simplest case of a large class of examples of foliations, that of bun- 
dles with discrete structure groups which also includes the foliations 
given by flat vector (or G-principal) bundles. We shall see that the 
Mobius foliation example also helps one to understand another large 
class of examples of foliations coming from group actions on manifolds 
which are not free. 

PACS classification: ll.lO.-z; 11.15.-q; 11.30.-Ly 
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1 Introduction 

In this article we study the Mobious band in an attempt to perform a non- 
trivial computation for an operator algebraic invariant for foliations intro- 
duced in [8]. The construction of this invariant is quite complicated, it 
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involves various stages: first one has to determine the holonomy groupoid 
of the fohation, then find its corresponding C*-algebra, then compute its 
K-Theory and its cychc cohomology and construct natural classes in both 
and finally apply Conncs' pairing between K-Thcory an cyclic cohomology. 
In this preliminary version of the final article, we shall present some of these 
steps for the example of the Mobius band (or the Mobius foliation) along 
with some questions. But before that we shall recall some basic facts about 
foliations (throughout this work all manifolds are assumed to be smooth). 

Let M be a smooth connected and closed manifold of dimension m. A 
codim-g (and hence of dimension (m — g)) foliation on M is given by an in- 
tegrable subbundle V of the tangent bundle TM of M where the dimension 
of the fibre of V is (m — q). Quite often V is called the tangent bundle of 
the foliation as opposed to the quotient bundle TM/V which is called the 
transverse bundle of the foliation. The effect is that given a F as above, M 
can be written as the disjoint union of the leaves of the foliation which arc 
immersed, connected submanifolds of M, all of the same dimension equal 
to {m — q). The topology of the leaves may vary drastically: some may 
be compact but others not and more importantly their fundamental groups 
arc different. From these two differences one can see that foliations are im- 
portant generalisations of the total space of fibre bundles because in a fibre 
bundle the total space is the disjoint union of the fibres which are essentially 
the same manifold (ie homoeomorphic or diffeomorphic) to a fixed model 
manifold called typical fibre. 

If the foliation has a transverse bundle which can be oriented, an equiv- 
alent local definition of a codim-g foliation is given by a nonsingular decom- 
posable g-form lo satisfying the integrability condition ujAduj = 0. The leaves 
are the submanifolds whose tangent vectors vanish on lo. By the Frobenius 
theorem the set of smooth sections of V denoted C°°{V) form a Lie subalge- 
bra of the Lie algebra C°° (TM) of vector fields of M (seen as sections of its 
tangent bundle). Dually, the annihilator ideal I{V) of V consisting of differ- 
ential forms vanishing on the leaves (ie on sections of V) is closed under the 
de Rham differential d, namely since the annihilator ideal is a graded ideal 
we write d{I*{V) C J*+^(F). In the codim-1 case one can show that this 
annihilator ideal of V can be generated by to itself and thus the integrability 
relation lo A duj = is equivalent to du) = u A 9 where 9 is another 1-form 
which has the property that it is dosed when restricted on every leaf, thus 
defining a class in the first cohomology group of every leaf. This 1-form 9 is 
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sometimes called the (partial) flat Bott connection on the transverse bundle 
of the foliation. Moreover for any codimension d9 G l'^{V). The form u 
can be multiplied with a nowhere vanishing function / without changing 
the foliation. The effect it will have on 9 is that wc add an exact form. 
Thus the cohomology class that 9 defines on every leaf docs not change. 
The Godbillon-Vey class of the foliation V is the real {2q + 1) de Rham 
cohomology class 9 A {d9)'^ and it does not depend on the coices of oj and 9, 
it only depends on V. Its existence follows from Bott's vanishing theorem: 
if a codim-gr subbundle V of TM is integrable, then the Pontrjagin classes 
of the transverse bundle TM/V vanish in degrees greater than twise the 
codimension. The holonomy of the flat Bott connection on every leaf is the 
inEnitesimal part of the germinal holonomy of that particular leaf; to quan- 
tify this information about the infinitesimal germinal holonomy of a leaf in 
the codim-1 case one can either take the trace or the determinant composed 
with the logarithm; in the later case one obtains the cohomology class that 
9 defines in the 1st de Rham cohomology group of the specific leaf (see [1] 
page 66) . Moreover 9 also defines a 1st tangential cohomology class. But one 
has to realise that 9 is closed only when restricted to a particular leaf and 
it carries the infinitesimal information of the holonomy of that particular 
leaf. The GV-class however is a real cohomology class of M which carries 
information about the infinitesimal holonomy of the foliation as a whole (ie 
somehow the GV-class is an average over all leaves of the det composed 
with log of the infinitesimal germinal holonomy of each one of them and the 
tfcc is an average over all leaves of the traces of the infinitesimal germinal 
holonomy since cyclic cohomology contains traces; remaining is to see what 
is the average over all leaves of the Ray-Singer analytic torsion). Duminy's 
theorem says that in the codim-1 case only the resilient leaves contribute to 
the GV-class. 

The simplest example of foliated manifolds is the Cartesian product of 
two manifolds M x N. 

The second example is submersions: let P and M be smooth manifolds 
of dimension p and m < p respectively and let / : P ^ M be a submer- 
sion, namely rank{df) = m. By the implicit function theorem / induces a 
codim-m foliation on P where the leaves arc the components of f~^{x) for 
X G M. Fibre bundles are particular examples of this sort. 

The third nontrivial example of foliations is given by bundles with dis- 
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Crete structure group. Let vr : P ^ M be a differentiable fibre bundle with 
fibre F and p = dim{P), q = dim{F) and m = dim{M); clearly p = q + m. 
A bundle is defined by an open covering {Ua}a&A of M, diffeomorphisms 
ha : 7r~^{Ua) Ua X F called local trivialisations and transition functions 
9ab : UaHUb ^ Diff{F) such that ha o h^^ix,y) = {x, gab{x){y)) and 
moreover the transition functions satisfy the cocycle relation in triple in- 
tersections gab ° gbc = Qac- If the transition functions are locally constant, 
then the bundle is said to have discrete structure group. Under this assump- 
tion the codim-g foliations of 7r~^([/a) given by the submersions fit nicely 
together to give a foliation on P. Flat vector or principal G-bundles with G 
a compact and connected Lie group axe of this sort, namely vector bundles 
or principal G-bundles equipped with a flat connection (a connection with 
zero curvature). 

Every such bundle can be constructed in the following way: let : 
7ri(M) Diff{F) be a group homomorphism and we denote by G the 
image of 7ri(M) into Dif f{F) via (p. Moreover let M denote the universal 
covering space of the base manifold M. Then 7ri(M) acts jointly on the 
product space M x F as follows: it acts via deck transformations on M 
and by on F. So we can define P := M x^^^jv^) F. This action is free 
and properly discontinuous, hence P is a foliated manifold of codim-g (and 
hence of dimension m) where q = dim(F). The leaves look like many valued 
cross-sections of the bundle it : P ^ M and in fact tt restricted to any leaf 
is a covering map. To see this, note that if is the leaf through the point 
corresponding to M x {x} C M x F, then Lx is diffeomorphic to M/Gx 
where Gx = {g & 7ri(M) : (f)(g)(x) = x} denotes the isotropy group at x. 

The simplest case of a bundle with discrete structure group is the Mohius 
hand. Wc shall focus on this example here. Wc take the base space M to be 

with local coordinate s and we know that 7ri(>S'^) = Z, and the univer- 
sal covering space of is R. Then Z acts on R via deck transformations 
s s -I- 1 The fibre F will be R with local coordinate denoted r. Then we 
pick (f) € Diff(R,) to be given by (/)(r) = — r for r G R. Then the product 
space R X R has a Z action given by (s,r) i— > (s + 1, — r). The quotient 
space by this Z action is the Mohius hand M := R Xz R- Each leaf Lj. is 
a circle wrapping around twice except for the core circle (corresponding to 
r = 0) which wraps around only once. 

What about our local definition of foliations? Well, for the Mobius band 
we have that its transverse bundle is not orientable so there does not exist 
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a definition involving 1-forms. 

An important remark now: the Mobius band M can be considered in 
two ways: either as the total space of a vector bundle over with fibre 
R. In this case if we squeeze every fibre to a point we get of course as a 
result as the quotient space and K''{S^) = Z with i = 0,1. However if we 
consider the Mobius band as a foliated manifold as above and we squeeze 
every leaf to a point we get Rr>o as the quotient space and we know that 
iC*(Rr>o) = for i = 0, 1 (here since the space is only locally compact we 
have to use K- Theory with compact supports). 

Next we want to compute the holonomy groupoid of the Mobius band 
but before doing that let us briefly recall the key notion of holonomy for 
foliations and how these data can be organised to what is called the germinal 
holonomy groupoid of the foliation. 

The holonomy essentially tells us how leaves assemble together to give 
the foliation and it is the most important intrinsing notion for foliations. It 
encodes information about the fundamental groups of the leaves (which as 
we emphasised above they can vary enormously from leaf to leaf in sharp 
contrast to the fibres in a fibre bundle which are the same manifold) along 
with information about how the leaves fit nicely together in order to have 
the manifold as their disjoint union. The key difference with fibre bundles 
here is the spiralling phenomenon: leaves may spiral repeatedly over each 
other without intersecting. 

Let X be a point on a foliated manifold say M and let denote the 
unique leaf trough the point x. Then the holonomy group over the point 
X is defined to be the image of the surjective homomorphism hx ■ 7^i{Lx) —>■ 
Diff{F,x) where F is a transversal and Diff{F,x) denotes the germs of 
local diffeomorphisms at x which fix x. This map h is precisely the holonomy 
of the foliation which gives diffeomorphisms between transversals following 
the plaque to plaque process using regular foliated atlases ( "sliding transver- 
sals along leaves" ) . Note the similarities with the holonomy of a connection 
on a vector bundle: the fibres are the transversals and the plaque to plaque 
process corresponds to parallel transport of vectors using the connection (for 
more details see for example [1]). 

Now one can simply consider the disjoint union of all the holonomy 
groups for all points x of the foliated manifold say M and this forms a 
groupoid called the germinal holonomy groupoid of the foliation. A groupoid 
can be defined as a small category with inverses and the space of objects is 
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the foliated manifold M itself (for more details see [2] or [4]). Perhaps a more 
concise notation is the following: the holonomy groupoid of a foliation V on 
a manifold M as a set consists of triples G := {{x,h,y) : x G M,y G Lx,h 
the holonomy class of a path (usually a loop) from x to y}. 

We now turn to the case of a bundle with discrete structure group P, 
with fibre F and base smanifold M with discrete structure group given by 
the group homomorphism (j) : iti{M) Diff{F) as described above; the 
total space is defined via P := M 'Xt^.^(m) ^ where tti{M) acts via deck trans- 
formations on M and by (j) on F. Let G denote the image of 7ri(M) into 
Diff{F) under (f) and for each x e F let Gx := {g E G : gx = x} denote 
the isotropy group at x and let G^ := {g E G : gy = y for all y in some 
neighborhood of x in F} denote the stable isotropy group at x. The leaf 
Lx through x (which is the image of M x {x} in P) can be expressed as 
Lx = M /Gx where Gx acts on M by deck transformation. 

Then G^ is a normal subgroup of Gx and the holonomy group G^ of the 
foliation over x is simply Gx = Gx/G^. Let now m G M be a basepoint 
and m G M be a preimage of m and let N be the image of m x F in 
P. The map m x F ^ is a diffeomorphism since 7ri(M) acts freely on 
M, so is a copy of the fibre F sitting as a complete transversal in the 
foliated manifold P. Thus we see that all bundles with discrete structure 
group admit a complete transversal. This is important because if a foliation 
admits a complete transversal say N, both its holonomy groupoid and its 
C*-algebra completion simplify drastically by the Hilsum-Skandalis theorem: 
namely the holonomy groupoid reduces to G^ which is simply the restriction 
of the full holonomy groupoid over the complete transversal N (if we see 
the holonomy groupoid of the foliation as a small category with inverses 
with objects P, then G^ is a full subcategory with objects N) and the 
C*-completion of the holonomy groupoid is Morita Equivalent to the C*- 
completion of just G^. Hence all we have to understand is G^. In fact 
G^ is completely determined by the action of G on i*" (remember that G 
is the image of tti{M) into Diff{F) under (j)). More precisely one has the 
following homoeomorphism of topological groupoids: 

G^^{Fx G)/ ~ 

where the equivalence relation is given by (x, 7) ~ (y, S) if and only li x = y 
and 5~^7 lies in the stable isotropy group G^ . Perhaps a better way to 
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rewrite the above would be that = F xi^ G and thus it is clear that 
the corresponding C* -algebra to this foliation will be Morita equivalent to 
Co{F) yi^ G. If we have the particular case of a flat principal if-bundle 
over M where H is the structure Lie group, then the holonomy of the flat 
connection defines a map h : 7ri(M) H and clearly in our discussion 
above G will be the homomorphic image of the fundamental group onto H 
via h, namely G = h{'iTi{M)) C H and hence the corresponding C*-algebra 
to the foliation will be Morita equivalent to Cq{H) y^hG. Would like to see 
what groups can appear as holonomy groups of flat connections and if the 
action of the holonomy h they has fixed points (well, it can have as we see 
from teh Mobius foliation below), since both these issues are important in 
order to compute the Kq group of the corresponding crossed product algebra. 

Now for the Mobius band M := R Xz R- foliated by circles, these circles 
correspond to the images of R x {r} for various values of r: if r 7^ then 
7ri(Lr) = 7ri(S'^) = Z acts trivially on I?i//(R, r) and hence GJ^ = (note 
these circles wrap arround twice before they close). However the holon- 
omy group Gq of the middle circle which wraps around only once is the 
group Z2 since the diffeomorphism 0(r) = — r which creates M does lie in 
Diff{R,0) and (j)'^ = 1. Thus the group G = 7i2 acts non-freely since 
is a fixed point. However this fixed point is isolated with no interior and 
thus we have that G^ = R x Z2 and this is the holonomy groupoid of the 
Mobius foliation as a topological space. Now Z2 = {±1} but we denote 
these two elements as e = 1 for the identity element and e = — 1 the other 
one. If we want to take the multiplication into account as well, this will 
be r = R X0 Z2 where the action of Z2 onto R is given by "flipping the 
sign". Its C*-algebra completion is then A := Co(R) xi^ Z2 where Co(R) 
denotes continuous complex valued functions defined on R which vanish at 
and infinity. Let us recall that as a linear space Co(R) x,^ Z2 consists of 
continuous maps F : Z2 ^ Co(R). The product in Co(R) x^ Z2 is given by 
(Fo *Fi)(OEnez/2-Po(n)0(n)Fi(n-iO where n,C G Z2, and (^(e) = e for 
the identity element whereas (f){e){F){x) = F{—x). 

Let us be a little more explicit: since M locally looks like x R, we 
choose local coordinates (s,r) as above. Then if tt : M ^ 5^ is the bundle 

projection, we pick as a complete transversal N the space 7r~^(0) which is 
just a copy of R. Then the holonomy groupoid G of the Mobius foliation 
according to what we mentioned above for arbitrary bundles with discrete 
structure group is homoeomorphic to simply G^ where iV is a complete 
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transversal. 



The next order of bussiness is to compute the K-Theory of the groupoid 
(7*-algcbra completion. This is complicated because this algebra is nonunital 
and hence we have to attach a unit and then throw it away. We shall use 
the fact that in general any short exact sequence of algebras 

0^ J E ^ B := E/J 

gives rise to a 6-term long exact sequence in K-Theory: 

Ko{J) > Ko{E) > Ko{E/J) 

exp (1) 

Ki{E/J) < Ki{E) < Ki(J) 

We shall apply this in oredr to compute the 0th K-group of the algebra 
Co(R) XI,/, Z2 corresponding to the Mobius foliation. 

Remember that the group Z2 action on R has as a fixed point; consider 
the map cvq : Co (R) C which is given by evaluating functions at the (fixed 
point) zero. Then one has the following short exact sequence (1): 

^ Co(R-) © Co(R+) ^ Co(R) ^ C ^ 

where R~ = (— oo,0), R+ = (0,oo), Co(R^) denotes continuous functions 
vanishing both at and +00 (and similarly for the — sign). 

Clearly since R~ = R"^ = R are homoeomorphic, then Co(R~) © 

Co(R+) = Co(R) © Co(R). Using the following well-known results that 
Ko{C) = Z, i^i(C) = 0, Ko(Co(R)) = and Ki(Co(R)) = Z along with 
the additivity property of the K-functor we get the following corresponding 
K-Theory 6-term l.e.s.: 

> > Z 

exp (2) 
< Z < Z2 

Since is a fixed point we can readily incorporate the Z2 action onto 
the first s.e.s. and we directly get the second s.e.s (namely that the map 
evaluation at point is compatible with the Z2-action): 

^ (Co(R-) © Co(R+)) x,^ Z2 Co(R) >^,^ Z2 ^ C >^,^ Z2 ^ 
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We know that C x <^ Z2 is isomorphic to C © C and hence their K-groups 
are equal. Prom what we mentioned above about the K-groups of C and 
the additivity of the K-functor we can hence deduce that Kq{C x,^ Z2) = 
Z2 = Z©Z and that Ki{C X0Z2) = 0. Moreover (Co(R") ® Co(R+)) x<^Z2 
is isomorphic to M2(Co(R)), the isomorphism being denoted ^ which takes 
an F G Co(R^) © Co(R"^) xi^ Z2 and it is mapped to 

^-(Fiie)) iJ-{F-L{e)) \ 
V;+(F2(e)) V+(i^2(e)) J 

where : C'o(R^) = Co(R) with i;+{f) = f o exp and = 
f o{-exp). 

Yet M2(Co(R)) is Morita Equivalent to Co(R) and thus they have the 
same K-groups, so we get that i^o((C'o(R~) © C'o(R''')) xi^ Z2) = and that 
iCi((Co(R~) © Co(R+)) X10 Z2) = Z. Then we apply the corresponding 6- 
term K- Theory l.e.s. to the second s.e.s. which incorporates the Z2-action 
and we get: 

> KoiCoiK) x^Za) > Z©Z 

exp (3) 

< KiiCoiK) x<^Z2) < Z 

which gives the result that 

Ko(Co(R) x^Z2) = Ker{exp) 

and 

Ki(Co(R) x^Z2) = Im{exp) 

In order to try to compute the groups explicitly we need more work and 
by performing the computation we shall also determine the generators of 
the groups as well. Let us start by recalling some known facts: If A is an 
associative algebra, p € A is called a projection if p^ = p with being the 
trivial projection; for two projections p, q we write p < q \i pq = p. A 
projection is called minimal if we cannot find a smaller one. If A is unital 
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we can easily construct projections in Mn{A) (the algebra oi nxn matrices 
with entries from A) just by considering the diagonal matices with the unit 
in the diagonal and each one will corresppond to the free module over A of 
rank n. 
Let 

1/1 1 



^+ = 2 V 1 1 

and 

1/1 - 1 



P- = 2\ -1 1 



denote minimal projections in C0C (these can be used also as generators 
of the algebra C © C) which under the isomorphism correspond to minimal 
projections ^(Ig + l^) and ^(Ig — 1^) in C where evidently 1,. : Z2 ^ C 

denotes the function giving 1 on the identity clement i.e. le(e) = 1 and 
le(e) = and similarly for 1^. Their corresponding K-classes wil be denoted 
and and these are the two generators of Ko{C Z2) = Z^, hence 
any element in the 0th K-group can be written as a finite integer linear com- 
bination of these two elements. We would like to see under the exponential 
map exp : Ko{C >^</,Z2)(= Z^) ^ i^i((C7o(R") Co(R+)) x^Z2)(= Z)what 
happens to the generators. 

So we want to calculate exp{\p±\) = [e^*'^^2(i'==^it)] = [u±], where x '■ 
R — > C and x^e '■ Z2 C'o(R) such that xle(e) = X and xle(e) = and 
moreover evox^e = x(0)le = ^e, x(— 00) = x(oo) = and x(0) = 1 and simi- 
larly for xle- Note here that Xf (leile) denotes the lifting of the projections 
p± = ^(le±le) originally in C X0Z2 to self-adjoint elements in Co(R) X0Z2. 

More concretely one can understand n : Z2 x R ^ C thinking it as a 
function from Z2 — ^ C'o(R) with u±(— 00) = u±{oo) = 1 = u±{0). 

Hence we have to calculate ex^)([le]) = [e^^'"^^^]. Now we said that 
for any associative algebra A, this is Morita equivalent to M2{A) hence 
Ki{M2{A)) = Ki{A) and if [u] is in -f^i(^) the corresponding element in 
Ki{M2{A)) is: 
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u 
1 

We mention the well-known fact that the following elements are equal 
(as K-classes, hence homotopic as projections): 



( " 


n 




' 1 




I 








u / 



which we shall use later on. We pick a function : R ^ C which is at 
— oo and 1 at cx) so e^*'^^ € Co(R). Thus using the explicit isomorphism ^ 
between Co(R~) © Co(R"'") x,/, Z2 and M2(Co(R)) plus the relation between 
the generators of the Ki's of the Morita equivalent algebras A and M^i^A) 
we deduce that the generator of Ki((Co(R~) © Co(R'^)) xi,/, Z2) is: 

(V'-)-^(e2^'^^) 0\ / 10 
Hence we conclude that (using also the relation between Q and x) 



namely ea;p([p+] + = 2[e^''^^], so the sum of the generetors of 

-f'^o(C xi<^ Z2) equals 2 and hence + is NOT in Ker{exp). So we 
still want to find the kernel of the exponential map. 

We know that euoXPi = V± then exp\p±] = [exp{2iTr^{le ± le)x)] but 
exp{2iTr\{le ± le)x) = [e^'^^5(le ± Ic)] + ^(le ± le)^ (which follows from 
the general identity for a projection p commuting with / that e^^^^'^ = 
f,^if^pj^(l Hence (e^^^^^ - 1) G Co(R") © Co(R+) because it vanishes 

at and at ±00 since x(0) = 1 and x(±C)o) = 0. This can be better written 
as a row vector with components ((c^^'^-^Ir- — 1), (e^'^-*'^lR-+ — 1)) and the 
first component under the isomorphism -0" corresponds to (e"^*'^^ — 1) € 
Co (R) and the second component under the isomorphism -0+ corresponds to 
^g-2i7re — 1) g Co(R). We can see the above element exp[p±] as an element 
in (Co(R~) © Co(R+)) XI,/, Z2 = M2(Co(R)) as the following 2x2 matrix 

1 / (e-2*^^ + 1) ± e-2^^^T 

2 V ±e-2^^^ T 1 e-^^'T^ + 1 
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Let us call this matrix W and for simplicity denote it ss W := 

Then the + correspond to the projection p+ under the isomorphism and 
similarly for the — sign. 

Now we incorporate the homotopies in order to see to what explicit 
elements the projections p± correspond to. We know that there exists a 
homotopy between 

and between 
given by 

'*°"(o 1 ) ^'"'^''1 = ^ ( \ 1^ ) witli^tS ( J o)""* 
which is equal to 

^ Q Q ^ for t = 1 and to uq for t = 0. 
This can be also written as 




/ cos(tf ) - sm(tf ) \ 

Hence 



, 11/ 1 1 \ f a b \ / I -1\ f 1 1 \ f a-b b + a 
"^^^i = 22V-l lJU «Jl 1 1 JV-1 l)[b-a a + b 

2(a + 6) 
2(6-1) 

To the last matrix wc substitute the values of a, b from our earlier com- 
putations of the matrix W and get that 

2(a + 6)\_l/ e-2*^^(l ± 1) + (1 T 1) 
2(6-1) y) ~ 2 V (± - l)e-2i'^^ + (^1 -1)0 

So we can see that 

e-^*'^^ 



b 



-1 
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and 



b-] ^ [ 



- 1 







) 



and we sec that their images are homotopic, namely exp([p_|_]) is homo- 
topic to exp{[p-]) thus by this homotopy we lose one generator and so the 
generator of -R'o(C'o(R) X/p Z2) = Z is 



We now turn our attention to the cyclic cohomology of the algebra A : = 
Co(R) X0 Z2 which is the corresponding C* -algebra to the Mobius foliation 
after having proved above that Kq{A) = Z =. The cyclic cocycles are traces 
of A. One usually looks at traces which are invariant under the holonomy 
action. In our case we take a holonomy invariant transverse measure, namely 
a measure on R which is the transversal such that n o (p = namely it 
is invariant under the action (f) of the holonomy group Z2 on R. In general 
an invariant measure has the property that given any map / : R — > C 
one has f dfi{x)f{x) = f dfi{x)f{—x). Such measures are very common 
indeed (e.g. the Lebesgue measure has this property) but there are also 
many measures on R which do not have this property. Having picked such 
a holonomy invariant measure on the transversal R of the Mobius foliation 
we can define a trace on A (namely a closed cyclic 0-cocycle of A denoted 
Tn e HC^{A)) as follows: 



where F : Z2 — > Co(R). (Aside: But we have to see what is the trans- 
verse fundamental cyclic cocycle of the foliation used in [8] to define a nu- 
merical invariant for foliations; this transverse fundamental cyclic cocycle 
has dimension equal to the codimension of the foliation, clearly the codim 
of the Mobius foliaiton is 1. But we have to understand the cyclic cohomol- 
ogy of the crossed product algebra A first. Here we discuss cyclic 0-cocycles 
because they appear in the gap labelling problem, the gap labells come as 
pairings between K-classes and cyclic 0-cocycles). However this is not a 
convenient choice since the pairing of with the generator (and hence 
any element since any element can be written as a multiple of the generator) 
of Ko{A) vanishes. 

We note here that Z (which is equal to Kq{A)) has only 2 generators, 
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the one we have picked and minus that, but they both vanish when paired 
with r^. 

Wc can do something elese though: since wc have the map cvahiation at 
the fixed point evQ : ^4 — > C Z2 = C^Z2 where C^Z2 denotes the group 
algebra of Z2, instead of picking a holonomy invariant measure, we can pick 
a representation {p, V) of the group algebra C°Z2 onto a vector space V 
with p : C^2i2 End{V) and this in turn has a well defined matrix-like 
trace Tr : End{V) — ^ C. So the composition Tr o p o evo : A ^ C is also 
a trace. We pick for example the following representation p of Z2 onto C: 
e I— 1 and e — 1. Using this we can easily see that the pairing between 
K-classes and the cyclic 0-cocycle Tp gives 

<([p+]),(r,) >=-l 



Now in [8] we used the transverse fundamental cyclic cocycle of the foli- 
ation in order to take pairings with K-classes. The transverse fundamental 
cyclic cocycle is a cyclic g-cocycle where q is the codimension of the foliation 
and one needs the transverse bundle of the foliation to be orientable in order 
to be able to define it. For the Mobius foliation the codimension is 1 but 
the transverse bundle is not orientable because of the map 4> which flips the 
sign and thus the transverse fundamental cyclic cocycle does not exist for 
the Mobius foliation. We need to find another example, either the folaition 
of the annulus or the Reeb foliation of the 2-torus. 

Understand restrictions that transverse bundle must be orientable and 
existence of a holonomy invariant transverse measure. The (partial) Bott 
connection 9 is flat when restricted to the leaves but it still may have holon- 
omy; what is the relation between the holonomy of it and the holonomy G^? 
Are they the same? It seems to be so... 

Acknowledgement: We would like to thank Professor Johannes Kellen- 
donk for his valuable help and guidance in performing this K-Theoretic 
computation. 
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